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Abstract
Let X be a metric continuum and C(X) the hyperspace of all nonempty subcontinua of X. Let A ∈ C(X), A is said to make a
hole in C(X), if C(X) − {A} is not unicoherent. In this paper we study the following problem.
Problem: For which A ∈ C(X), A makes a hole in C(X).
In this paper we present some partial solutions to this problem in the following cases: (1) A is a free arc; (2) A is a one-point set;
(3) A is a free simple closed curve; (4) A = X.
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1. Introduction
Throughout this paper X will denote a continuum (a compact, connected, metric space) with metric d . Let C(X)
be the hyperspace of all nonempty subcontinua of X, let 2X be the hyperspace of all nonempty closed sets of X and
let C2(X) be the hyperspace of all elements A of 2X such that A has at most 2 components. All the hyperspaces are
considered with Hausdorff metric. Let Z be a unicoherent topological space and let z be an element of Z. We say that
z makes a hole in Z if Z − {z} is not unicoherent.
In [12, Corollary 1.176, p. 178] Sam B. Nadler, Jr. proved that the hyperspaces C(X) and 2X are unicoherent
for every continuum X. Unicoherence has been useful to distinguish topological spaces. In [7, Lemmas 2.1 and 2.2,
pp. 348 and 349] A. Illanes showed that C2([0,1]) − {A} is unicoherent for each A ∈ C2([0,1]) (in fact, R.M. Schori
proved that C2([0,1]) is a 4-cell [7, Lemma 2.2, p. 349]) while C2(S1)−{S1} is not unicoherent, where S1 is a simple
closed curve (in fact, A. Illanes proved later that C2(S1) is homeomorphic to the cone over solid torus with S1 as the
vertex [8]). As a consequence A. Illanes obtained that C2([0,1]) and C2(S1) are not homeomorphic; this is in contrast
to the fact that C([0,1]) and C(S1) are homeomorphic.
In this paper we are interested in the following problem.
Problem. Let H(X) be a hyperspaces of X. For which elements A ∈H(X), A makes a hole in H(X).
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Theorem 1. If pq is a free arc in X such that p and q are not interior points of pq , then pq makes a hole in C(X).
Theorem 2. If X is a locally connected continuum and X is not a simple closed curve, then X does not make a hole
in C(X).
Theorem 3. If x is an element of X, then {x} does not make a hole in 2X and {x} does not make a hole in C(X).
Theorem 4. If pq is a free arc in X such that p is not an interior point of pq and q is an interior point of pq , then
pq does not make a hole in C(X).
Theorem 5. If S is a free simple closed curve in X, then S makes a hole in C(X).
If we observe Theorems 1 and 4, we can observe that the case in which p and q are interior points of free arc pq
is not considered. Note that in this case pq is open and closed in X. Thus X is an arc. By [9, 5.1.1, p. 33], C(X) is a
2-cell where the element X lies in the boundary. Thus pq does not make a hole in C(X).
More partial answers to the problem posed above are presented in [1].
To finish this section we recall some definitions. Denote the unit closed interval [0,1] by I . An arc is a any space
homeomorphic to I . A free arc in a continuum X is an arc pq , where p and q are the end points of pq , such that
pq − {p,q} is open in X. Let S be a simple closed curve contained in a continuum X. We say that S is a free simple
closed curve in X if there exists p ∈ S such that p is not an interior point of S and S − {p} is an open subset of X.
2. Auxiliary results
We use N and R to denote the set of positive integers and the set of real numbers, respectively. Let Z be a topological
space. For A ⊂ Z we denote cl(A) and bd(A) the closure and the boundary of A in Z, respectively. A map is a
continuous function. A Whitney map μ :C(X) → I is a map such that μ({x}) = 0 for each x ∈ X, μ(X) = 1 and
μ(A) < μ(B) whenever A ⊂ B = A, when X is nondegenerate, the existence of Whitney maps is guaranteed by [9,
Theorem 13.4, p. 107].
A map f :Z → S1, where Z is a topological connected space and S1 is the unit circle in the Euclidean plane R2,
has a lifting if there exists a map h :Z → R such that f = exp ◦ h, where exp is the map of R on S1 defined by
exp(t) = (cos(2πt), sin(2πt)). A connected topological space Z has property (b) if each map f :Z → S1 has a
lifting. It is known (see [3, Theorems 2 and 3, pp. 69 and 70] or [13, Theorem 7.3, p. 227]) that if Z is normal and it
has property (b), then Z is unicoherent and (see [3, Theorem 3, p. 70] or [13, Theorem 7.4, p. 228]) if Z is a locally
connected normal T1-space, then Z is unicoherent if and only if Z has property (b).
We frequently will use the Unique Lifting Theorem (ULT) (see [5, 5.1]) which asserts.
Proposition 6. If Z is a connected space and f , g :Z → R are two maps such that exp◦f = exp◦h and f (z) = g(z),
for some z ∈ Z, then f = g.
We will also use the following results. Propositions 7 and 8 are easy to prove and for the proof of Proposition 9 use
Theorem 2.3 of [4, p. 31] (see also [10, Lemma 5, p. 37]).
Proposition 7. Let Z be a connected topological space, let p be an element of Z and let Y1 and Y2 be closed subsets
of Z such that Z = Y1 ∪ Y2 and Y1 ∩ Y2 = {p}. Then Y1 and Y2 are connected. Moreover, if C is a connected subset
of Z, then C ∩ Y1 and C ∩ Y2 are connected and if C ∩ Y1 = ∅ and C ∩ Y2 = ∅, then p ∈ C.
Proposition 8. Let W be a topological space and let Z and Y be closed subsets of W . If Z and Y have property (b)
and Z ∩ Y is connected. Then Z ∪ Y has property (b).
Proposition 9. Let Z be a topological space and let Y be a deformation retract of Z. Then Z has property (b) if and
only if Y has property (b).
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If A ⊂ X and ε > 0, let
N(ε,A) = {x ∈ C(X): there exists a ∈ A such that d(a, x) < ε}
and, if p ∈ X, let
B(ε,p) = {x ∈ X: d(x,p) < ε}.
An order arc in 2X (see [12, 1.2, p. 57]) is a nondegenerate subcontinuum β of 2X such that, if A, B ∈ β , then
A ⊂ B or B ⊂ A. If α is an order arc in 2X and α is contained in C(X), then we say that α is an order arc in C(X).
Order arcs in 2X are homeomorphic to I (see [12, Lemma 1.3, p. 57]). In [12, Theorem 1.8, p. 59], it is proved that
if A, B ∈ 2X and A ⊂ B = A, then each component of B intersects A if and only if there exists an order arc β in 2X
such that A =⋂β and B =⋃β , β is called an order arc from A to B in 2X (see [12, Theorem 1.6, p. 159]). In [12,
Lemma 1.11, p. 64], it is shown that if α is an order arc from A to B in 2X such that A ∈ C(X), then α is contained
in C(X).
Lemma 10. Let p be an element of X and let Y1 and Y2 be elements of C(X) such that X = Y1 ∪Y2 and Y1 ∩Y2 = {p}.
We denote byH the set {A ∈ C(X): A∩Y1 = ∅}. If Γ :H→ C(Y1) is defined by Γ (A) = A∩Y1, then Γ is continuous.
Proof. By Proposition 7, Γ is well defined.
In order to prove that Γ is continuous. Let {An}∞n=1 be a sequence in H such that limAn = A0, for some A0 ∈H.
We suppose that there exists B ∈ C(Y1) such that limΓ (An) = B . We are going to show that Γ (A0) = B .
Let x be an element of B . Then there exists a sequence {xn}∞n=1 in Y1 such that limxn = x and, for each n ∈ N,
xn ∈ Γ (An) = An ∩ Y1. Thus x ∈ A0. Since x ∈ Y1, we conclude that x ∈ A0 ∩ Y1 = Γ (A0).
Now, let x be an element of Γ (A0) = A0 ∩ Y1.
Case 1. x = p.
Let U be an open subset of X such that x ∈ U . Then U − Y2 is open and x ∈ U − Y2. Since limAn = A0,
∅ = (U − Y2) ∩ An ⊂ U ∩ An for infinitely many numbers n. Therefore, x ∈ B (see [12, Theorem 0.7, p. 4]).
Case 2. x = p.
Since p ∈ A0 and limAn = A0, there exists a sequence {xn}∞n=1 in X such that limxn = x0 and, for each n ∈ N,
xn ∈ An.
If there exists a subsequence {xnk }∞k=1 of {xn}∞n=1, such that, for each k ∈ N, xnk ∈ Ank ∩ Y1, then x ∈ B .
Hence, we may assume that there exists N ∈ N such that xn /∈ Y1, for each nN . Thus, for each nN , An ∩Y2 −
{p} = ∅. Then, for each nN , An ∩ Y1 = ∅ and An ∩ Y2 = ∅. By Proposition 7, for each nN , p ∈ An. Hence, for
each nN , p ∈ An ∩ Y1 = Γ (An). Then, p ∈ B .
We have shown that Γ (A0) = B . Therefore Γ is continuous. 
3. Theorem 1
Lemma 11. Let pq be a free arc in X such that p is not an interior point of pq . Then there exists a nondegenerate
subcontinuum C of X such that C is contained in X − int(pq), p ∈ C and q /∈ C.
Proof. We denote by Y the set X−int(pq). Let {pn}∞n=1 be a sequence in X − pq such that limpn = p and let ε > 0
such that ε < d(p,q)/2.
For each n ∈ N, let Cn be the component of cl(B(ε,p)) such that pn ∈ Cn. Then, by the Boundary Bumping
Theorem (see [12, Theorem 20.1, p. 625]), we have Cn ∩ bd(B(ε,p)) = ∅. For each n ∈ N, fix an element an in
Cn ∩ bd(B(ε,p)).
First, consider the case that there exists n0 ∈ N such that an0 ∈ pq . Let C = Cn0 ∩ Y . Since C ⊂ cl(B(ε,p)),
we have q /∈ C. Since Cn0 is connected, Cn0 − {p} = (Cn0 ∩ Y − {p}) ∪ (Cn0 ∩ pq − {p}) and (Cn0 ∩ Y − {p}),
(Cn0 ∩ pq − {p}) are separated, we have p ∈ C and C = (Cn0 ∩ Y − {p}) ∪ {p} is connected. Therefore C is a
subcontinuum of X. Since pn0 and p are elements of C, C is nondegenerate.
Now suppose that, for each n ∈ N, an /∈ pq . Since {Cn}∞n=1 is a sequence in C(X), there exist a subsequence{Cnk }∞ of {Cn}∞ and C0 ∈ C(X) such that limCnk = C0. Then p ∈ C0.k=1 n=1
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Let C = C0 ∩ Y . Since a0, p ∈ C, C is nondegenerate. Clearly, q /∈ C. In the case that C0 ⊂ Y , then C = C0 is
connected. Now, if C0  Y , then C0 ∩pq −{p} = ∅. Since C0 is connected, C0 −{p} = (C0 ∩Y −{p})∪ (C0 ∩pq −
{p}) and (C0 ∩ Y − {p}), (C0 ∩ pq − {p}) are separated, we have C = (C0 ∩ Y − {p})∪ {p} is connected. Then C is
a nondegenerate subcontinuum of X contained in Y such that p ∈ C and q /∈ C. 
Proof of Theorem 1. We denote by Y the set X − int(pq). Clearly, Y = (X − pq) ∪ {p,q}.
We prove that there exist two closed and connected subsets D and B of C(X) − {pq}, such that C(X) − {pq} =
D ∪B and D ∩B is not connected.
Let
D = {A ∈ C(X) − {pq}: A ⊂ pq}
and
B = {B ∈ C(X) − {pq}: B ∩ Y = ∅}.
Notice that D is connected and that D and B are closed subsets of C(X) − {pq}.
We show that if B is an element of B, then B can be joined to X by a path contained in B. Let B ∈ B. First, we
consider the case that B  pq . Let α be an order arc from B to X in C(X). Clearly, for each C ∈ α, C ∈ B. Then α is
the desired path.
Now, we consider the case B ⊂ pq . We may assume that B = pr , for some r ∈ pq , with r = q .
By Lemma 11, there exists a nondegenerate subcontinuum C of X, such that C ⊂ Y , p ∈ C and q /∈ C.
Since B and C are connected and p ∈ B ∩ C, we have B ∪ C ∈ C(X). Moreover B ∪ C  pq . Since B ⊂ B ∪ C,
there exists an order arc β from B to B ∪C in C(X). It is easy to prove that β ⊂ B. Since B ∪C ∈ B and B ∪C  pq ,
by the first case, B ∪ C can be joined to X by a path contained in B. This implies that B can be joined to X by a path
in B. Therefore B is connected.
We consider the two rays H1 = {pr ⊂ pq: r ∈ pq − {q}} and H2 = {tq ⊂ pq: t ∈ pq − {p}}. Clearly, D ∩ B =
H1 ∪H2 is a separation of D ∩B. Thus, C(X) − {pq} is not unicoherent. Therefore, pq makes a hole in C(X). 
4. Theorem 2
Proof of Theorem 2. We prove that C(X) − {X} has property (b). Let f : (C(X) − {X}) → S1 be a map. We show
that f has a lifting. Fix a point x0 ∈ X and a number t0 ∈ exp−1(f ({x0})).
Let μ :C(X) → [0,1] be a Whitney map for C(X). By Theorem D of [6, p. 253], μ−1(t) is unicoherent, for each
0 < t < 1. Moreover (see [12, Theorem 14.9, p. 408]), for each t ∈ [0,1], μ−1(t) is locally connected. Thus, for each
t ∈ [0,1], μ−1(t) has property (b). By the main result in [2,11], we may assume that the metric d of X is a convex
metric. Using the map Kd defined in [12, 0.65.1, p. 37], it is possible to prove that μ−1(t) is a deformation retract of
μ−1([0, t]). Therefore, for each t ∈ (0,1), μ−1([0, t]) has property (b).
For each n ∈ N, let tn = 1 − 1n and let fn = f |μ−1([0,tn]). For each n ∈ N, let hn :μ−1([0, tn]) → R be the
unique lifting of fn such that hn({x0}) = t0. Clearly, for each n ∈ N, hn+1|μ−1([0,tn]) is a lifting of fn, moreover
hn+1|μ−1([0,tn])(x0) = t0. Thus, hn+1|μ−1([0,tn]) = hn. Then
h :
∞⋃
n=1
μ−1
([0, tn])→ R,
defined by
h(A) = hn(A), if A ∈ μ−1
([0, tn]),
is well defined. It is easy to prove that h is continuous. Moreover, for each A ∈⋃∞n=1 μ−1([0, tn]), h(A) = exp(f (A)).
Since C(X) − {X} =⋃∞n=1 μ−1([0, tn]), we have h is a lifting of f . Therefore X does not make a hole in C(X). 
5. Theorem 3
In this section H will denote C(X) or 2X . Let A ∈H, KA will denote the set {B ∈H: A ⊂ B}.
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and hβ are liftings of f |α and f |β , respectively, such that hα(X) = hβ(X), then hα(A) = hβ(A).
Proof. We define h :α × β → S1 by h(C,D) = f (C ∪ D). Notice that h is a continuous function.
Let t0 = hα(X). Since α × β is homeomorphic to [0,1]2, α × β has property (b). Therefore there exists a unique
map g :α × β → R such that h = exp ◦ g and g(X,X) = t0. Since for each C ∈ α, h(C,X) = f (X) and α × {X} is
connected, we have, for each C ∈ α, g(C,X) = t0. Similarly, for each D ∈ β , g(X,D) = t0.
Notice that g|α×{A} is a lifting of h|α×{A}. Let kα :α × {A} → R be the map defined by kα(C,A) = hα(C). Then
kα is a lifting of h|α×{A}. Since kα(X,A) = t0 = g|α×{A}(X,A), we have kα = g|α×{A}.
Similarly, g|{A}×β = kβ , where kβ : {A} × β → R is defined by kβ(A,C) = hβ(C).
Thus,
hα(A) = kα(A,A) = g|α×{A}(A,A) = g(A,A) = g|{A}×β(A,A) = kβ(A,A) = hβ(A). 
Lemma 13. Let K be a nonempty subset of H. If KA ⊂K, for each A ∈K. Then K has property (b).
Proof. Let f :K→ S1 be a map. We show that f has a lifting.
Fix a number t0 ∈ exp−1(f (X)).
Let A ∈ K and let αA be an order arc from A to X in H. Since αA is homeomorphic to I (see [12, Lemma 1.3,
p. 57]), we have αA has property (b). Let hA :αA → R be the unique map such that f |αA = exp ◦ hA and hA(X) = t0.
We define h :K→ R by h(A) = hA(A).
By Lemma 12, h is well defined. First, we show that h is continuous at X. Let ε > 0. Then there exists n 3 such
that [t0 − 1n , t0 + 1n ] ⊂ (t0 − ε, t0 + ε). Notice that exp|[t0−1/n,t0+1/n] is a homeomorphism between [t0 − 1n , t0 + 1n ]
and exp([t0 − 1n , t0 + 1n ]) and there exists δ > 0 such that
f
(
B(δ,X)
)⊂ exp
((
t0 − 1
n
, t0 + 1
n
))
.
Then
h′ =
((
exp|[t0−1/n,t0+1/n]
)−1
◦ f
)∣∣∣
B(δ,X)
is a lifting of f |BH (δ,X). Let A ∈ B(δ,X). Then H(B,X) < δ, for each B ∈ αA. Hence, αA ⊂ B(δ,X). Therefore,
h′|αA is a lifting of f |αA . Thus hA = h′|αA . Therefore h(A) ∈ (t0 − ε, t0 + ε). Hence, h is continuous at X.
Now, let A0 ∈K−{X}. We prove that h is continuous in A0. Let {An}∞n=1 be a sequence inK such that limAn = A0.
We assume that An = X for each n ∈ N.
For each n ∈ N, let αn be an order arc from An to X inH. Since 2H is compact, there exist a subsequence {αnk }∞k=1
of {αn}∞n=1 and αn0 ∈ 2H such that limαnk = αn0 . Since X and A0 are elements of αn0 , αn0 is nondegenerate. Then
αn0 is an order arc in H (see [12, Theorem 14, p. 58]). Since
⋂
αn0 = A0 and
⋃
αn0 = X, we have αn0 is an order arc
from A0 to X in H (see [12, Theorem 1.6, p. 59]).
Let μ :H→ [0,1] be a Whitney map. For each k ∈ N∪{0}, we denote by μk the map μ|αnk :αnk → μ(αnk ). Notice
that, for each k ∈ N∪{0}, μk is a homeomorphism.
For each k ∈ N∪{0}, we consider the map gk : [0,1] → [μ(Ank ),1] defined by gk(t) = (μk(Ank )− 1)t + 1. Notice
that, for each k ∈ N∪{0}, gk is a homeomorphism.
Let L0 = [0,1] × {0}. For each i ∈ N, let Li be the convex segment joining (0,0) and (1, 1i ), contained in the
Euclidean plane R2. Let Y =⋃∞n=0 Li and let v = (0,0). Since Y is contractible, by Proposition 9, Y has property (b).
For each k ∈ N ∪ {0}, we define the map pk :Lk → [0,1] by pk((x, y)) = x. Clearly, for each k ∈ N ∪ {0}, pk is a
homeomorphism. Then, for each k ∈ N ∪ {0}, fk = (μk)−1 ◦ gk ◦ pk is a homeomorphism between Lk and αnk .
We denote by A the set ⋃∞k=0 αnk and we define the function g :Y →A by g((x, y)) = fk((x, y)), if (x, y) ∈ Lk ,
for some k ∈ N ∪ {0}. It is easy to check that g is continuous. Notice that (f ◦ g)(v) = f (g(v)) = f (X).
Since f ◦ g :Y → S1 is a map and Y has property (b), there exists a unique map h1 :Y → R, such that f ◦ g =
exp ◦ h1 and h1(v) = t0.
Since, for each k ∈ N, h1|Lk and (h ◦ g)|Lk are liftings of (f ◦ g)|Lk and h1|Lk (v) = t0 = (h ◦ g)|Lk (v), we have,
for each k ∈ N, h1|Lk = (h ◦ g)|Lk . Therefore h1 = h ◦ g.
J.G. Anaya / Topology and its Applications 154 (2007) 2000–2008 2005Let q0 = (1,0) and, for each k ∈ N, let qk = (1, 1k ). Notice that, for each k ∈ N ∪ {0},
h1(qk) = (h ◦ g)(qk) = h(Ank ).
Since limqk = q0 and h1 is continuous, we have limh1(qk) = h1(q0). Hence, limh(Ank ) = h(A0). This proves that
h is continuous at A0. Therefore h is continuous.
Clearly, f = exp ◦ h. Therefore, K has property (b). 
Proof of Theorem 3. First, we assume thatH= 2X and K= 2X −{x}. It is easy to see that K satisfies the hypothesis
of Lemma 13, so K has property (b). Therefore {x} does not make a hole in 2X .
Similarly {x} does not make a hole in C(X). 
6. Theorem 4
Lemma 14. Let p be an element of X and let Y1 and Y2 be elements of C(X) such that Y1, Y2 are nondegenerate,
X = Y1 ∪ Y2 and Y1 ∩ Y2 = {p}. Then there exists a Whitney map μ :C(X) → [0,1] such that μ(Y1) < μ(Y2) and
μ−1(μ(Y1)) − {Y1} is connected.
Proof. Define ω : {Y1, Y2} → [0,1] by ω(Y1) = 12 and ω(Y2) = 34 . By theorem in [9, Theorem 23.3, p. 206] there
exists a Whitney map μ :C(X) → [0,1] such that μ|{Y1,Y2} = ω. Then μ(Y1) < μ(Y2).
We show that μ−1( 12 ) is connected. Notice that μ|C(Y2) is a Whitney map for C(Y2). Then (μ|C(Y2))−1( 12 ) is
connected (see [9, Theorem 19.9, p. 160]). Let B ∈ μ−1( 12 )−{Y1}. Then B  Y1. Let q ∈ B −Y1. Then q ∈ Y2. Taking
an order arc from q to Y2, it can be shown that there exists C ∈ (μ|C(Y2))−1( 12 ) such that q ∈ C . By Lemma 14.8.1
of [12, p. 405], there exists a path α from B to C contained in μ−1( 12 ) such that q ∈ A, for each A ∈ α. Therefore α is
contained in μ−1( 12 )−{Y1}. This proves that for every B ∈ μ−1( 12 )−{Y1}, there exist an element C of (μ|C(Y2))−1( 12 )
and α a path from B to C contained in μ−1( 12 ) − {Y1}. Hence μ−1( 12 ) − {Y1} is connected. 
Proof of Theorem 4. We show that C(X) − {pq} has property (b). Let f : (C(X) − {pq}) → S1 be a map. We will
show that f has a lifting.
We denote by Y the set X−int(pq). Clearly, Y = (X − pq) ∪ {p}, X = Y ∪ pq and Y ∩ pq = {p}. Then, by
Proposition 7, Y is connected.
Let {yn}∞n=1 be a sequence in pq , such that limyn = q and yn+1q  ynq , for each n ∈ N. For each n ∈ N, define
Yn = Y ∪ pyn. Clearly, for each n ∈ N, Yn  Yn+1.
By Lemma 14, there exists a Whitney map μ :C(X) → [0,1] such that μ−1(μ(pq)) − {pq} is connected. Let
t0 = μ(pq). We denote by f1 the map f |μ−1([t0,1])−{pq} and by f2 the map f |μ−1([0,t0])−{pq}. We show that there exist
maps g1 : (μ−1([t0,1]) − {pq}) → R and g2 : (μ−1([0, t0]) − {pq}) → R, such that f1 = exp ◦ g1, f2 = exp ◦ g2 and
g1|μ−1(t0)−{pq} = g2|μ−1(t0)−{pq}.
First, we show the existence of g2.
For each n ∈ N, let
Zn = C(Yn) ∪
(
C(pq) − {pq}).
For each n ∈ N, C(Yn) has property (b) (see [12, Corollary 1.176, p. 178]). By Theorem 2, C(pq)−{pq} has prop-
erty (b). Since C(Yn) ∩ (C(pq) − {pq}) = C(pyn), we can apply Proposition 8, and obtain that Zn has property (b),
for every n ∈ N. In particular, there exists a map h1 :Z1 → R such that f |Z1 = exp ◦ h1.
For each n 2, there exists a unique map hn :Zn → R such that f |Zn = exp ◦ hn and h1(Y ) = hn(Y ).
Since Zn ⊂ Zn+1, we have hn+1|Zn is a lifting of f |Zn . Since hn+1|Zn(Y ) = hn(Y ), we have hn = hn+1|Zn . We
define
h :
⋃
n∈N
Zn → R,
by
h(A) = hn(A), if A ∈Zn.
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⋃
n∈NZn such that limAk = A0, for some
A0 ∈⋃n∈NZn.
We only need to consider three cases.
Case 1. Ak ⊂ Y , for every k ∈ N.
Since h1 is continuous, we have limh1(Ak) = h1(A0). Therefore limh(Ak) = h(A0).
Case 2. Ak ⊂ pq , for every k ∈ N.
Since limAk = A0, we have A0 ∈ C(pq) − {pq}. Since h1 is continuous, we have limh1(Ak) = h1(A0). Thus
limh(Ak) = h(A0).
Case 3. Ak  Y and Ak  pq , for each k ∈ N.
By Proposition 7, for each k ∈ N, p ∈ Ak . Then p ∈ A0. Hence A0 ∩pq = ∅. By Lemma 10, we have limAk ∩pq =
A0 ∩ pq .
Since A0 ∈⋃n∈NZn, there exists n0 ∈ N such that A0 ∈Zn0 . Then A0 ∈ C(Yn0) or A0 ∈ C(pq)−{pq}. Therefore
A0 ∩ pq  pq . Let m = min{n ∈ N: A0 ∩ pq  pyn} and let ε = inf{d(a, b): a ∈ A0 ∩ pq and b ∈ ymq}. Notice that
ε > 0. Since limAk ∩ pq = A0 ∩ pq , there exists N ∈ N such that H(Ak ∩ pq,A0 ∩ pq) < ε, for each k N . Given
k  N , Ak ∩ pq ⊂ N(ε,A0 ∩ pq). Then Ak ∩ pq ⊂ pym. Thus, Ak ⊂ Ym. Hence Ak ∈ C(Ym). Thus limhm(Ak) =
hm(A0). Therefore limh(Ak) = h(A0). This finishes the proof that h is continuous.
Clearly, for each A ∈⋃n∈NZn, h(A) = exp(f (A)). Then h is a lifting of f |⋃n∈NZn .
Given C ∈ μ−1([0, t0]) − {pq}, μ(C)  t0. In the case that C ⊂ pq or C ⊂ Y , we have C ∈ Z1 ⊂ ⋃n∈NZn.
Now, suppose that C  pq and C  Y . Notice that pq  C. Then C ∩ pq  pq . Thus there exists m ∈ N such
that C ∩ pq ⊂ pym. Then C ∈ C(Ym) ⊂ Zm ⊂⋃n∈NZn. This proves that μ−1([0, t0]) − {pq} ⊂⋃n∈NZn. Hence,
g2 = h|μ−1([0,t0])−{pq} is a lifting of f2.
Let B ∈ μ−1(t0)−{pq}. Notice that {C ∈ C(X): A ⊂ C} ⊂ μ−1([t0,1])−{pq}, for each A ∈ μ−1([t0,1])−{pq}.
Then by Lemma 13, we can conclude that μ−1([t0,1]) − {pq} has property (b). Therefore there exists a unique map,
g1 : (μ−1([t0,1]) − {pq}) → R, such that f2 = exp ◦ g1 and g1(B) = g2(B).
Notice that(
μ−1
([0, t0])− {pq})∩ (μ−1([t0,1])− {pq})= μ−1(t0) − {pq}.
By Lemma 14, μ−1(t0)−{pq} is connected. Moreover g1|μ−1(t0)−{pq} and g2|μ−1(t0)−{pq} are liftings of f |μ−1(t0)−{pq}
and
g1|μ−1(t0)−{pq}(B) = g2|μ−1(t0)−{pq}(B).
Then g1|μ−1(t0)−{pq} = g2|μ−1(t0)−{pq}.
We define g : (C(X) − {pq}) → R by
g(A) =
{
g1(A), if A ∈ μ−1([0, t0]),
g2(A), if A ∈ μ−1([t0,1]).
Then g is a lifting of f . This proves that C(X) − {pq} has property (b). Therefore pq does not make a hole in C(X)
(see [3, Theorem 3, p. 70] or [13, Theorem 7.3, p. 227]). 
7. Theorem 5
Let S be a free simple closed curve in X. We identify S with the unit circle in the Euclidean plane R2. We will
denote m the map m :C(S) − {S} → S such that m(B) is the point of B that divides B into two subarcs of equal
length, if B is an arc or m(B) = y, if B = {y}, for some y ∈ S. The set {A ∈ C(X)− {S}: A∩ S = ∅} will be denoted
by S . Notice that {A ∈ C(X): A∩ S = ∅} is a closed subset of C(X). So S is a closed subset of C(X)− {S}. Given a
proper subcontinuum F of S, define
F = {A ∈ S: S  A and m(A ∩ S) ∈ F}∪ {A ∈ S: S ⊂ A}.
Lemma 15. Let S be a free simple closed curve in X, let F be a proper subcontinuum of S and let p be an element
of S such that S − {p} is an open subset of X and p /∈ int(S). Then F is a closed subset of S . Moreover, if F = {p0},
where p0 is the diametrically opposite point of p, then F is connected.
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Now, suppose that S  A0. In this case we are going to show that m(A0 ∩ S) ∈ F . Fix a point x0 ∈ S such that
x0 /∈ A0.
Since limAn = A0, we may assume that x0 /∈ An, for every n ∈ N. Thus
{An: n ∈ N} ⊂
{
A ∈ S: m(A ∩ S) ∈ F and S  A}.
By Lemma 10, we have that Γ :S → C(S), defined by Γ (A) = A ∩ S, is continuous. Then, m ◦ Γ is continuous.
Since m(An ∩ S) ∈ F , for each n ∈ N and F is closed, we have m(A0 ∩ S) ∈ F . Therefore A0 ∈ F . Hence F is a
closed subset of S .
Now, we suppose that F = {p0}, where p0 is the diametrically opposite point of p, we show that F is connected.
First, we prove that
F1 =
{
A ∈ S: m(A ∩ S) ∈ F and S  A} and
F2 = {A ∈ S: S ⊂ A}
are connected and that cl(F1) ∩F2 = ∅.
Given A ∈F2, let α be an order arc from A to X in C(X). Clearly, α is contained in F2. Hence, F2 is connected.
In order to see that F1 is connected. Let A ∈ F1. Then A ∈ C(X), A = S, m(A ∩ S) ∈ F and S  A. Let Y =
X − int(S). In the case that A  S, by Proposition 7, A ∩ Y is connected and p ∈ A ∩ Y . Thus, by [12, Theorem 1.8,
p. 59], there exists an order arc β from {p} to A ∩ Y in C(Y ). Then the family γ = {(A ∩ S) ∪ B: B ∈ β} is an arc
in C(X) which joins A ∩ S to A. Notice that γ ⊂F1. Hence, we need to check that the set F3 = {A ∈F1: A ⊂ S} is
connected. Let A ∈F3. Then A is a proper subcontinuum of S such that m(A) ∈ F . Clearly, there exists an order arc
α from {m(A)} to A such that m(B) = m(A) for each B ∈ α. Notice that α ⊂ F3 ⊂ F1. Hence, it rests to prove that
the set F4 = {{x}: x ∈ F } is connected. Since F4 is homeomorphic to F , we can conclude that F1 is connected.
Now, we show that X ∈ cl(F1) ∩F2 = ∅.
Clearly, X ∈F2. Since F = {p0}, we can fix a point y ∈ F − {p0}. Then we can choose a subarc B of S such that
m(B) = y and p ∈ B . Let α be an order arc in C(S) from B to S such that, for each C ∈ α − {S}, C is a subarc of S
and m(C) = y. Consider the arc γ = {Y ∪ C: C ∈ α}. Then γ is an order arc in C(X) from B ∪ Y to X. Since, for
each D ∈ γ − {X}, D ∩ S ∈ α, we obtain that D ∈F1. Thus X ∈ cl(F1).
This proves that X ∈ cl(F1) ∩F2. Thus F is connected. 
Proof of Theorem 5. We identify S with the unit circle in the Euclidean plane R2. We prove that C(X) − {S} is not
unicoherent. Since S is a free closed curve in X, there exists an element p of S such that p /∈ int(S) and S − {p} is an
open subset of X. We denote by p0 the diametrically opposite point of p and let p1 be a fixed point of S − {p,p1}.
We denote by p0p1 the arc joining p0 and p1 in S such that p /∈ p0p1.
Let
S = {A ∈ C(X) − {S}: A ∩ S = ∅} and
F = {A ∈ S: m(A ∩ S) ∈ (S − int(p0p1)) and S  A}∪ {A ∈ S: S ⊂ A}.
Since S is a closed subset of C(X) − {S}, by Lemma 15, F is a closed and connected subset of C(X) − {S}.
On the other hand, let Y = X− int(S). By Proposition 7, Y is connected. Thus Y is a subcontinuum of X. Moreover
C(Y ) is closed in C(X) − {S}.
Then,
G1 =F ∪ C(Y ),
is closed in C(X) − {S}. Clearly, G1 is connected.
Now, we define
G2 =
{
A ∈ S: m(A ∩ S) ∈ p0p1 and S  A
}∪ {A ∈ S: S ⊂ A}.
Since S is a closed subset of C(X) − {S}, by Lemma 15, G2 is a closed and connected subset of C(X) − {S}. It
easy to prove that C(X) − {S} = G1 ∪ G2.
Now, let
2008 J.G. Anaya / Topology and its Applications 154 (2007) 2000–2008D1 =
{
A ∈ S: S  A and m(A ∩ S) = p0
}
and
D2 =
{
A ∈ S: S  A and m(A ∩ S) = p1
}∪ {A ∈ S: S ⊂ A}.
Then G1 ∩G2 =D1 ∪D2 and D1, D2 are separated. Therefore C(X)− {S} is not unicoherent, thus S makes a hole
in C(X). 
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